The exponential laws which govern the decay and growth of radioactive substances were first formulated by Rutherford and Soddy in 1902 (R52) in order to explain their experiments on the thorium series of radioactive substances. Useful mathematical generalizations were made in 1910 by Bateman (B20). The more general forms of the decay and growth equations are therefore often referred to as "the Bateman equations." For three decades the applicability of the equations governing series decay was confined to the uranium, actinium, and thorium series of naturally occurring radioactive substances. With the discovery of nuclear fission a vast number of cases of radioactive-series decay appeared among the fission products. The behavior of all these can be understood with the help of the original Bateman equations.
Decay of a Single Radioactive Nuclide
a. Radioactive Decay Constant A. Consider a group containing a large number A of identical radioactive atoms. Let the probability that any particular atom will disintegrate in unit time be A, the total radioactive decay constant. Then the activity of these atoms, i.e., the total number of disintegrations per unit time (in a time which is short compared with l/X), will be simply .4X. The rate of depletion, dA/dt, of the group of atoms is equal to the activity, so long as we do not provide any new supply of radioactive atoms. Because A decreases as time increases, we insert a minus sign and write
Rewriting this fundamental relationship in integral form, with the variables separated, we have py=-/xdl (1.2)
We now make the fundamental assumption that. the probability of decay of an atom is independent of the age of that atom. Then if X is independent of t and is constant, we can integrate Eq. Recalling that AOX is the activity at t = 0, Eq. (1.4) can be written in terms of the ratio of the activities at t and at t = 0. Because X is independent of t, we can write Aλ -= e-A' Aoλ (1.5)
in agreement with the empirical lam of radioactive decay and the associated disintegration hypothesis of Rutherford and Soddy (R52). The exponential law, Eq. (1.4), of radioactive decay can also be derived from the laws of chancet without any knowledge of the mechanism of disintegration. The only assumptions needed are that:
1. The probability of decay λ is the same for all atoms of the species. 2. The probability of decay λ is independent of the age of the particular atom.
These conditions are mathematically "sufficient," as was first shown by von Schweidler (S20). They are also mathematically "necessary" conditions, as is most readily seen from the experimental fact that the statistical fluctuations in a-ray emission obey the Poisson distribution (Chap. 26), for the derivation of which assumptions analogous to those given above are both necessary and sufficient. Ruark (R38) has developed an analytical proof that these conditions are mathematically necessary. The point is of importance because the wave-mechanical theories of a-ray and &ray radioactive decay involve the basic assumption that the probability X of decay in unit time is independent of the age of the particular atom in question.
The most direct experimental proof that the decay constants of a number of naturally occurring radioactive substances have not changed in the last loo yr comes from the sharpness of individual rings in uranium and thorium pleochroic halos in mica (H32, H33, H34).
The disintegration law of Eq. (1.4) applies universally to all radio-
active nuclides, but the constant X is different for each nuclide. The known radioactive nuclides extend between X = 3 X lOa set-l (for ThC') and x = 1.58 X 10-l* se+ (for Th), a range of over 102'. The decay constant X is one of the most important characteristics of each radioactive nuclide; it is essentially independent of all physical and chemical conditions such as temperature, pressure, concentration, or age of the radioactive atoms. Among the more than 800 known radioactive nuclides, no two have exactly the same decay constant. The identification of some radioactive samples can be made simply by measuring X, which can serve as a type of qualitative chemical analysis. b. Partial Decay Constants. Many nuclides have at risk several alternative modes of decay. For example, Cu6' can decay by electron capture or by positron β-ray emission or by negatron b-ray emission. If the competing modes of decay of any nuclide have probabilities X1, X2, x2, . . . per unit time, then the total probability of decay is represented by the total decay constant A, where
The "partial activity" of a sample of A nuclei, if measured by a particular mode of decay characterized by Xi, is then dAi -x &A = &Ao@ dt and the total activity is (1.7)
Note that partial activities, such as positron , 9 rays from Cue', are proportional to total activities at all times. Each partial activity falls off with time as eeX', not as e+'. Physically, this is because the decrease of activity with time is due to the depletion of the stock of atoms A, and this depletion is accomplished by the combined action of all the competing modes of decay.
c. Units of Radioactivity. The curie unit was redefined in 1950 by action of the international Joint Commission on Standards, Units, and Constants of-Radioactivity (P3) in such a way that it applies to all radioactive nuclides and is no longer tied to the presumed activity of 1 g of radium. This definition is "The curie is a unit of radioactivity defined as the quantity of any radioactive nuclide in which the number of disintegrations per second is 3.700 X lOlo." The "number of disintegrations" is the sum of all competing modes of disintegration. Therefore the full decay scheme of a nuclide has to be known, including the electroncapture branching, before the quantity of any sample can be expressed in curies as a result of measurements on anv particular mode of disintegration, such as 0 tays or cz rays. In practical use, the "quantity of" any radionuclide is usually nearly synonymous with the "total activity of" the nuclide. In a large initial stock of AO atoms, with initial activity AOX, the expectation value of the activity Aλ, one half-period later, is Aλ = .40x/2. For mnemonic reasons, the half-period T (or Tt whenever there is any ambiguity about symbols) is much more frequently employed than the decay constant X. The half-period is sometimes also called the halfvalue time or, with less justification, the half-life.
Two related periods which are useful in the laboratory are the ninetenths period and the one-tenth period. Nine-tenths of the atoms survive longer than the nine-tenths period T,t whose value is Log-Log Slide Rules. These rules have scales of e* and of e-I. At the risk of being gratuitous, it should be said that the student will be amply rewarded by becoming familiar with their range and uses. When 0.5 on the log-log scale is set opposite the half-period T, A/A0 can be read directly for all other values of t. Analytically, the operation of the exponential scales can be illustrated by the following expressions (a) Calculate the total decay constant X and the partial decay constants X,P, XEC, X6+ in set-I.
